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The four chapters of this thesis were written independently and may be read scapartely. Each has 
its own introduction, terminology, and notations, but all references have been collected at the end of 
the thesis. | 3 . 

Chapter | presents an on-line simulation of a deterministic multihead ¢-dimensional ‘Turing 
machine of time complexity T(z) by a deterministic multihead ¢-dimensional machine of time 
complexity O(T(n)! + 4" Ve + 8) for all e > 0. In Theorem. \2 the ¢ in the.cxponent is replaced by 
A1). This simulation nearly achieves the known lower bound O(7(n)! + 174" 1/4) on the time 
required. | 

Continuing the study of multidimensional machines, Chapter 2 presents an off-line simulation of 
a nondeterministic d-dimensional machine with one worktape head that runs in time 7(n) bya 
deterministic machine in space (7(n) log Tu))“4+ ), An anonymous referee noticed the simulation 
by an alternating Turing machine in time O( T(n) log. Ka)y/4* ») (Theorem 2.3). ‘This chapter has 
been seeepted for publication in Theoretical Computer Science, An earlier version appeared.as _ 
Technical Memorandum ‘TM-145 of the M.LT.,L_aboratory for Computer Science H4]. 

Chapter Funes an overlap argument to derive new proofs in the pebble game. We develop a 
strategy that uses O(n/log n) pebbles to pebble every directed acyclic graph with n vertices and 
bounded indegrec. A variation of this strategy uses S pebbles to, pebble the graph in at most 2200 ; _ 
steps. This note on the pebble game will appear in Information Processing Letters... 

Chapter 4 recommends further research on automata with nonsequential storage structures. It_ 
includes a novel geometric argument that suggests a time-space tradcoff for, simulating a 
multidimensional Turing machine by a tree machine, ths, ee Bes 
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Chapter 1. Simulations among Multidimensional Turing Machines 


Li. Background 

Introduced by Hartmanis and Stcarns [5], multidimensional Turing machines are natural — | 
gencralizations of conventional Turing machines. Hénnic and Grigoricv [3, 6] established a lower 
bound of (7(n)! * 4-14) 9 the time required by a multihead @-dithensional Turing machine to 
simulate an e-dimensionat machine of time complexity Tin) on-fine. We present a simulation that 


acarly achieves this bound. 


Theorem 1.1. For all d> 1, all e> d, and all ¢ > 0, every multihead e-dimcnsional Turing 
machine of time complexity 7() can be simulated on-line bya multihcad ¢ dimensional Turing 


machine in time O(7{n)! + V4- Ve + €) 


For the case d = 1, ibaained and Fischer pz es an optimal simulation des runs in 1 time 
e= d+ 1; even in this special case, ‘Theorem 1.1 provides 4 better upper bound. Also, Grieotien 
proved that every storagé modification machine of ime complexity Tn) can be simulated on-line by 
a d-dimensional machine in time O(T()! + 44); since every wiultidimensional Turing machine 
can be simulated in real time by a storage miodification’ machine [27] every ‘@dimensional machine 
can be simulated on-Hine by a édirnensional machine in time me OT! - ele ‘The time required - 
by our simiilation is smaller, however. 

Grigoricv [4] dertionstrated that every nondcterministic e- dimensional machine can be simulated 
off-fine by a nondeterministic d-dimensional machine in time O(T(n)" + ¥4-¥e + &) for every e > 0. 
We consider only deterministic machines. Our simulation can be modificd to yield this result about 
nondetcrministic machines. 

Paul, Scifcras, and Simon [19] studied simulations among multidimensional machines with 
limited numbers of worktape heads. ‘They established nonfinear lower bounds on the time required _ 
to simulatc multidimensional machines on-line by machines with fewer worktape heads. 
Furthermore, they presented simulations of multitape multidimensional machines by machincs with 
just two worktapes having one head cach. In contrast, we present a simulation by a machine with 
more worktape heads. 


1.2. Simulation 


oe ae 


Let us review definitions for multidimensional Turing machines. To cach cell of a @dimensional 
worktape assign in the visual way a étuple of integers called the coordinates of the cell. The 
coordinates of adjacent ells differ in just one component ‘by £1. “The origin is the cell white 
coordinates aré all zero. A d-dimensional Turing inachine has a finite- “state control, a read- Baty input ; 
tape, a write-only output tape, and a finite number of d-dimensional wrktapes, cach of which has a a 
finite number of heads. At each step the machine reads the symbols in the cells on which the input 
and worktape heads are positioried, writes symbols on these worktape cells and possibly on the output 
tape too, and shifts cach worktape head in oné of 2d +1 possible directions - ‘either to one of 2d : 
adjacent cells or to the same cell. Initially, all worktapé¢ cells hofd blanks, and ee worktape head is is | 
positioned on the origin of its tape. Leong and Sciferas [1 2] proved that every d- dimensionai a uring 
machine can be simulated in real time by a d-dimensional machine having just one head on each of its 
worktapes. . = 

Fix integers d > 1 and e> d, a positive real number é,-and a finite alphabct A. To establish 
Theorem 1.1, it suffices to exhibit an on-line simulation ofa particular e-dimensional machine E with 
worktape alphabet A by a d-dimensional machine D in time O(n + 1/4-1/e + €) Machine E has one 
head on one worktape and operates in real time as follows. At cach step it reads another input 
symbol, called a command, that has the form <8, 5>, where b € A and bi is one of the 2e +1 
directions in which the worktape head can shift. Suppose | Ei isina configuration i in which the cell y 
scanned by the worktape head contains 5’. When E then reads the input symbol <6, 5), it writes bon | 
y, writes b' on its output tape, and shifts the worktape head in direction 6. Call symbols of A 
responses. Let be the set of commands for E. Machine E defines a function from 2* to A* that | 
maps a string of commands into a string of responses of the same length. Machine D simulates E on- 
line in time T(n) if it computes this function in time Tn) on inputs of length n, and for.cvery input, .. 
for every j, machine D produces the jth response before reading the G +. J)scommand. 

Ona given input string of commands, when has processed just the first, + commands, we say _ 
that E is af timer. When D has processed only the first + commands (and produced the first + output - 
responses), D is at simulated timer. . . : 3 al 


Consider a string of n commands. For simplicity we describe a simulation in which a isavailable 


off-line. The simulation can be converted routinely to an on-line simulation with time loss of only a 


constant factor [19]. (For 2’ = 1.2.4, 8, ... machine © sepeats the simulation ab initio wall Vi ne” 
of the input 
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(i) for every cell-y, there are 5£locks at level.éthat contain a cell at distance's, or less 
from y; Sx F 6 ie PaRE, e rareE eh A eas 
(ii) for every cell yin a block Bat level i, ify is at distanice stri¢tly greater tlian s,, from 
-every cell outside B, then there is a. block BY ©:B av‘leved i- 1 such that y is well within B’; the 
relative position of 8’ in B is casily calculated -from the pesition of y. « a 
Reischuk [23}:cmploys a similar-covering. The blocks:at level i+? that-are contained in'adiock Bat 
level i are the subblocks of B. Every block at level i has at mest ae nee subblocks. 
Let a be the function defined by - or 
a(x) = 2 og]. 
if x is not a power of 2, then # maps x to the next larger power of 2. Let m,* = n, and for i< L let 
m,* = (3s)% 

the volume of a block at level ¢, For cach iset 

| ¥; = Ge} eg), 

u; = w((y; m;*)/4, aos 
4 = 2((7,8)/9). 
A routine calculation shows that u, = O(n! d+ * ©), and for i< L, 
u; > (cy 5,75, ,9"4 45/2. (13), 

In D a page at level 0 is a box of side (9; for i> 0, a page at level ijs.a box whose side is a power of 
2 that has a mass store, a memory map, a free storage list, and a nonblank cell counter. If P is a page at 
level iand P’ isa page at level i-l and P C P, then P is subpage of P. ‘We describe how the contents 
of a page P at level i represent the contents of a block Batleveli r 

ifi= - 0, then P represents the contents of B literally: for gach of the(3s,)° cellsyof Bthereisa 
representative cell z in P whose relative position in P is determined, by the relative position of y.in.B, - 
and z holds the same symbol as y. The details of this representation are unimportant, provided that. 
relative position of zin Pcan be computed from the relative pasition of yin B in constant time... 

If i>0, then for every nonblank subblock B' of B, there is a subpage of P whose contents 
Tepresent the contents of B’ recursively. All subpages at level i- ¢ arc pairwise disjoint. ‘Let P have 7 . 
side p. ‘The mass store of P is a box Uf side p/2 i in P that containg these subpages: “The adiressofa i" 
box in the mass store is its realive earn with ees to then mass store. - — 


subpages of P whose contents represent the contents a subblocks of B. The relative positions of . 


relative postion in Reset mb helt th pin eh 

contains the address of the subpage P of P whosc contents spe pun -Weesy that 

Peta Wa tt meyer ii pon A 

subpage 6 actiw Hitt is. asigned a0 sotieaebbigck:.:1 tyon ors of sqpre wnt Oo eoge ke oH 
The free storage list is a fist of addresses thaligddupithwbon of side pf4in P. For g= 12,4, 

ptt, pf, the frce storage list has addresses of at most 2 - venindenated dite aale siti a 

P. The fce volume of Pis the ttl vohame of hyp taster a : 
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Effects: The contents of the memory map are.altercd to assaciate a. -with.«’,.and the free volume of P 
is reduced by r4, (During this call to ALLOCATE, the Greesierage list, may temporarily hold 
addresses of 24 blank.boxes of the same side,) ; 

_ Method: A buddy.system is used {10}. 

Step 1. If the free storage list has.an address of a box of side 7; then skigeta Step 2. bet g* be the 
smallest power of 2 greater than 7 for which the free storage. list. dees:have' an address of a box of 
side q*; if no such q* cxists, then terminate-with failure, Forg =-9*;q*/2,:..., 41, 2rin order, 
select an address a, of a box Cy of side g, delete a, from the list) anid add:ta: the list the addresses 
of the 24 pairwise-disjoint boxes of side g/2.whese union-is:C, ip Fheifres storage list now has 
addresses of 24 - 1 blank boxes of sides 2r, 4r, ..., @*/2 and of 24 blank boxes of side r 

Step 2. \ct a’be the address of a box of side r on the free storage list, and delete this address from the 
list. In the memory map of P, set up at most O(log s) pointer boxes of volume O(log u) for the 7 
binary tree (described above) to associate address a with Kk: ‘If the pointer boxes fo for the e binary 


tree no longer fit in a box-of side p/(4 fog s), ‘then terminate with faire. 


Procedure at PAGEA DDRESS (i, k’): : 
Hypothesis: The worktape heads of D are on a page P at level i. ree 
Parameters: k’ isa binary string of length O(log s) that aperities the eye ueay of a yaubpiocs: B 
of a block at level i. | ce ae vee oe 
Value returned: The address a of subpage P’ in P assigned to B’ such that the side of P’ is 
min {#((y,, On! +°5, “4, u, |}. where mis the value of the nonblank cell couriter of P. Ifa. 
call to ALLOCATE fails, then this call to PAGEADDRESS fails. a : - 
Effects: This procedure may alter the contents of the meitiory map and the fice storage list - acall 
to ALLOCATE and may set up a new page in the mass store. Py ON OPES SS 
Method: Using K’-and the mémory map of P, retrieve the‘address of the sabpage P” of P-assighed to 
B’; visit the O(log s) pointer boxes for the nodes orf the path in the binary tree (described above) 
from the rout t6 the leaf that corresponds to K°to obtiiin the address associated with K’. “i 
If no address is associated with &’, then call ALLOCATE to dbtain 4 Blarik Box of sidé 7, A ‘in the mass 
store. Initialize this box so that it becomes'a subpage 7” whose contents represent a block whose 
cells all hold blanks: the free stotage list of P contains just-the ddditcés of the blank box of side . 
t, ,/2 in its mass store (namely, the mass store itself); the valué oF the honblank cell counter of P 


is 0. Return the address of ?”’ in P as the value of a. 
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Let p’ be the side of P’ and m’ be the value of its nonblank cell counter. by definition, p’ is a power of - 
2. Hip’ <min {x((y,, Gin’ + 5, 9/4; w,;), then call ALLOCATE to obtain a new bax of side 
p” = min {a((y,, (a7 + 5,4, u,,} > 2p’ in the nass store of P astigncd to 8’. Copy the 
contents of P’ into this box to produce a page P” such that if the cdsieents of P represent the’ 
contents of 3’, then the contents of P” aiso represent the contents of #’; in particular, to ensure 
that the addresses in the memory map remain valid, capy the contents of the mass store of P’, 
which has side p'/2, into the box of side p'/2 whose base ecll is the same as the base cell of the - 
mass storc of P". Augment the frec storage list of P* with addresses of 2” - 1 blank boxcs of side 
p”/4 in its mass store. tn this case return the address of P" in P as the valu¢ of a. 


Let & be the relative position of a cel with paiva Con the porkispes of Eand abea 
sequence of commands. Procedure SHIFT on input (h, 6) produccs the relative position of the head 
of E with respect to C that results from starting on cell ath, C)and performing the shifts indicated by 
o. SHIFT operates 7 time proportional to the sum of.the lengths of.its inputs: using e unary 
counters, one for each dimension to maintain the dispicenient of the head from x(h, C), change one 
of these counters by +1 for each of the shifts in o; finally, with e additions or siibiractions: calculate 
the new relative position. ee : , 


Procedure UPDATE (i, h, 9): 

Hypotheses: Bs 

(i) At the beginning and end of this call to UPDATE, the wosktape heads of D arc on the base cell of 
a page @ at level i. 

(ii) dips tsevahic i tha biaulh Ge ceisech O00 mime beghsoing ois Cate Qhas side 
min {a((y,(m + s))"4, u}. 

Parameters: | isa binary string of length ig 3 Ge eatan ac Run nanmalaien, 
respect to a block Catleveli a isa sequence of 5, commands, $B 

Effects: iF s/c esti or lc pescicce com (0 gneiss Coat eng tee wcchaiga mat 
on xh, C) at time +, and q is the sequence of commands at -times.s +1... + s, then at the 
end of the call, Q represents Cat time + +s, The value of noablaak cell counter of (is set 10 
mr = min{m + s, m3}; the side of Dis #((y,0')"“4. If any proceduse that UPDATE calls 
faits, then this call to UPDATE fails 


Method: \f i = 0, then usc o to determine the new, contents of every c¢ll.y.in C that is visited’by the — 
worktapc head of E when it starts from x(h, C) and shifts according. te ¢; copy this ncw symbol 
into the representatiye of y in Q. = gay «bbe 

Otherwise, if 7> 0, then set k « A; add 5, to the value of the nonblank cell counter, unless it already 
equals 1,*; partition @ into s/s, , consecutive subsequences a* of Iength.s, ,; and perform Step 1 
through Step 3 for cach o’, in order. : ; 

Step I. For cach of the at most 5° subblocks C’ of C that contains a ecil within distance s,, of 
4(k, C), perform Steps 1.1 and 1.2. ane 2 nA 

Step 1.1. Call PAGEADDRESS to-determine the address of the subpage 0’ of Q assigned to 
C’. Let i’ be the relative position of x(k, C) with ecspect to C's 
Step 1.2, Move the heads of D to the base cell ae and call UPDATE (i- 1, h’, 0’). 

Step 2. Sct k « SHIFT (k, 0’). 

Step 3. Return the heads of D to the base cell of Q: 

Correctness: To check that UPDATE operates properly,.show by induction that for cach /, at the jth 
execution of Step 3, 0” is the sequence of commands attimes- + (j= 3)s,, +1... 7 + 5), the 
worktape head of E is on x(k, C) at timer + js, ,, arid Q represents C attime 7 + js, 5. 


Procedure o « SIMULATE (i, h): 

Hypotheses: 

(i) At the beginning and end of this callto SIA ULATE, all heads of D Da are on the base cell of a page 
Pat level i. 

(ii) At the beginning of this call let D be at simulated ti time T and a m be ne value of the nonblank 
cell counter of P; page Phas side min tml(y;' (m + py 4) ue 

(iii) At the beginning of this call, P represents block B at level iat time - T. At time T the ‘worktape 
head of E ison xh, B), which i is well within B. (Consequently, the workiae head of Ei is in B. at 
times r + 1, ..., 7 + 5,) 

Parameters: his a binary string of length O(log s,) that specifies the relative position of a cell in B. 

Value returned: o is the sequence of commands at times + + 1, .... 7 + 5, Ifany procedure that 
SIMULATE calls fails, then this call to SIMULATE faits. . 
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To simulate E on an input string of n commands, move:the-worktape heads of D to the base cell 
of the page P, of side u, that represents B, at time 0, and call S7MULATE with parameters (1, hy), -. 
where fg is the relative position of the origin with respect fo By... 


1.3. Analysis of the Simulation 


We prove that every call to SJA{ULATE completes successfully; the proof for UPDATE is the 


same. 


oy Caer: 


Lemma 1.1. Let rbe a power of 2. Suppose the free volume. of page Pis.at least “ina 
configuration of D at the beginning of a call to ALL oc ATE 0 on P. Then this call can produce the © 
address of a blank box of side rin the mass store of PL 

Proof. Let gq, < q) <... Sq, be the sides of boxes whose addresses - the free storage list 
of P. Since the free storage list has at most 24- 1 boxes of each distinct side, the free volume v of P 
satisfies oe ae Ea 

veg f+ ..+q7<¢ (24- Wd + (24- Way + +. + (24- IKDC Qa 
if 4 < », then Fak (2q,, ya hence since ris a power of Ars ag Consequently, ALLOCATE can find 
a blank box of side rin the mass store of P. ry 


Let D be at simulated time + at the beginning of acall to SIM@LATE ona page P at level i> 0 
that represents block B at time r. Let mm be the value of the nenblank‘ecll:counter-of Pin this” 
configuration and m’ = mia {m,*, m + 5}. ‘Theside of Pisw((y;a'¥9: — 


Lemma 1.2. Throughout this call to SIMULATE 
(i) Phas at most 5¢ m/s, -1 active subpages, and 
(ii) the total of the nonblank cell counters of the active subpages of P never exceeds S*m'. 
Proof. First, suppose m = m;*. ‘Since B has at most (3s/s a)" subblocks, Phas at most Osfay 
< m/s, < 5'm'/s, ; active ne and the sum of their nopblank cell counters is at most 
Gs/s, pe m, awe = 3m, * gS Sem’. é ; 
Now suppose mi’ = m + s, By induction ont, at; simulated time 1, P has: at most st 5m/s, ae, active 
subpages, and the total of their nonblapk cell counters is ak most 5ém. A cach of 5/544 itcrations 
during the exccution of SIMULATE, at most’5¢ 1 new active subpages are created, ai and s,, is added | to, 
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the nonblank cell counters of at most 5° subpages. Thus, the number of active subpages of Pis always 
ot maost Bad a ee ee of: . 4 
S'mfs., + S%s/s, ,)= Sms, ,. ' 
The total of the nonblank ccll counters of the active subpages of P is at most 
Sim + S4s/s,)5,, = SB 


We show that during this call to SIMUL ATE, every call to PAGEADDRESS in Step 2 of Step 
4.1 completes successfully. First, we verify that P? has enough space for the free storage list and the 
memory map. Since the side of Pis #((y, 0)" < w(y,7)'’4.= u, the relative position of a box 
in Pcan be specified by a string of O(log u) symbols. (By chosing the size of the worktape alphabet 
of D, we can adjust the constant of proportionality to ensure that assertions (1.4) and (1.5) below are 
truc.) ‘The free storage list of P comprises O(log u) addresses of length O(log.) thus, the free 
storage list occupies a box of side & ats 7 
O(log u/4) < OU, M4 < a m Vaya (1.4) 
because m' > 1, In the memory map of P there are Oflog 5) pointer boxes of fixed volume Otlog u) 
for cach of the On As, 7) active subpages of P. These pointer boxes fit i ina ‘box of, volume 7 

© Oldni75,.Xlog sKlog uy) < acm Vg OS) 
the volume of the memory map of P. When PAGE A DDRESS calls ALLOCA TE. this call cannot fail 
for lack of space for the memory map. 

Consider.a configuration of D just before a call to PAGEADDRESS on Pin Step 2 of Stcp 4.1 
betwecn simulated time + and simulated time + + a,.dnvthis configuration tet P,, P,, ... be the active 
subpages of P and let my’, m, , -. be the values of their nonblank cell counters; let P. > Tepresent 
subblock B,in B. The side of P,is #(¢y,, ™,)'“4. The mass store of P hotds the contests of smaller 
subpages that were assigned to B; in previous coafigiations cause the sides of these smaller 
subpages are powers of 2, their shel volume is at most the volume of P, namely, (w((re1 m;) dyad 
Consequently, the volume of used boxes in the mass store of Pin this contigo is bounded by 

E, Awl, mh vay | 
Suppose PAGE ADDRESS decides to assign to B, anew pase of side Qi m,")! My where 
me,” = nay + S43 according to the definition of PAGEADDRESS, 2 
| ayy Ma) 2 ergs 4 BY 
Lemma 1.2(H) implies that 
m," + Ep, my < Ser. a7) 
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Because the mass store has side #((y, m')'“4/2, the froe volume of Pid this configuration is at least 
| (ay my"92)4 ~ &, A(x, mj)“ eae me 
AS yy ml = Any, my’ = 2 Bs 2% 7,5 es by (1:6) 
>Aty, pr Sm} 44 7,5 (Zp my) ~ i my? ps 
> 4¢ Ye MT 2 yy my” DYDD: 
> (aC; "44 
Lemma 1.1 guarantees that AZ.LOCATE can finda blank box of side-#((y,, #1,")'4) in the mass 
store of P. 'Therefgre, this.call to PAGEADDRESS completes sucessfully. 

By induction on i, neither the recursive calls to SIMULATE not the calls to UPDATE fail. Ergo, 
the call to SIMULATE at simulated time + comptetés saccessfully: 

In the memory map of a page at level /of side p< u, to fiove a head from one pointer box to 
another takes time proportional to p/(4 log s,), the side of the memory map. Thus, to determine the 
address of the subpage assigned to a subblock or to associate an address with the ‘relative position of a 
subblock takes time ee — ae 

(Ollog u) + O(p/(4 log s)))O(log s) = Olu) 
because O(log s,) pointer boxes, cach of volume O(log u), are accessed. 

Let T ,(i) be the time used by ALLOCATE on a page at level i. ‘Since time HA) is consumed in 
moving 'the heads around the page and in the memory map aiid time O(log uy) in pores the 
addresses in the free storage list, 

T fi) = Ofu) + O(log uy) = Olu). 

Let T;Ai) be the time used by PAGEADDRESS oma page at level |, excluding the copying of 
subpages. This procedure retrieves an address from the metnory map (tine O(u)), performs some 
arithmetic calculations (time O(log u,)), moves heads around the mass store: O “). and calls 
ALLOCATE: ai 

Thi) = Olog u) + Ou) + Tf) = Ou). 

Let T,{i) be the time used by UPDATE on pages Q at level i< L, exciuding the copying of 
subpages in calls to PAGE ‘ADDRE. SS. Evidently, T,{0) = aD For 1>'0 we assess the time e taken 
by each Step. ‘al 


for the call to PAGEADDRESS. wee, Sak &- me Cis gee) 


move the 
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We prove that during the simulation of.E by Q, the total time takest by copying the contents of 
pages in calls to procedure PAGEADDRESS is O(n! + 4), Consider a configuration of D at 
simulated time 7 at the end of a call to SIMULATE ona page P at level i of volume », Let Q,, Q,, ... 
Q;= = P be the sequence of pages such that for each J>), prior to simulated time 1, PAGEADDRESS 
called ALE OCATE to obtain Q; and copied the contents of Q. 1 ‘into Q, Call the sum over jof the 
time for copying Q. et into: Q, the ancestral copying time for P. ‘The sides of these Q, are increasing 
powers of 2. Consequently, since the time to copy. the contents of 0. 1 into 0, is bounded above by 
the volume of Q, the ancestral: copying time for P is at most twice the volume of P, namely, 2v. In 
this configuration of D tet P,, P,, ... be the active subpages of P and y,, v5, ... be their volumes. Since 
these pairwise disjoint subpages lie in the mass store of P, whose volume is v/24, 

2, WS vies 

Call a page P’ in P at any level active if cither P’ is an-active subpage of P (at fevel i- 1) or P’ is active 
in an active subpage of P, Suppose inductively that there is a constant &,>'4 such that for cach j, the 
sum of the ancestral copying times for all active pages in P over all levels is at most key, Then the 
sum of the ancestral copying times for all active pages'in P over-all levels is at most . 

2v+ 2, ksv,S 2y +. ksv/24 Sk». 
In particular, when P = P,, the page at level L assigned to B,, this totalcopying time is at.most 
ku)? = O(y, n) = Oni + #), 

Therefore, by (1.1), the simulation uses time 

TL) + Or! + ®) < (5,45, KOAu,) + TAL- ») + On! + #) 
<n Veo(ni/4 +e) 4 Au) + O(n! + + dey 
$ Own! + ua: ues *). a (1.8) 


Theorem 1.2. For all d> 1 and all e> d, every multihead e-dimensionat Turing machine of time 
complexity 7() can be simulated on-line by a multihead d-dimensional Turing machine in time 
O(T(ny! + Va- We + Olog Temy” pls »y pea 88 

Proof. The constant of proportionality in (1 8) can be bounded by k hg : where k, and k, 
depend Sly on dand e. Choose € asa function ofn to minimize 

k okMen! + va- e+ e. 
e = O(log ny 12), Ergo, every e-dimensional T uring machine of time complexity Tn) can be 


simulated on- ‘line bya é-dimensional machine in time ony 4+ Vd-Ve 7 O(log Tn) yy, | 
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Chapter 2. A Space Bound fer One-Tape Multidimensional Turing Machines 


21. Introduction 


it is generally believed that the computational resources time and space can be exchanged for 
each other. For i instance, a program that Saves space (storage) by compressing, data spends extra time. . 
encoding the data and decoding the stored representation, Some data structures use minimum space, 
but require Jong access times; others reduce access times by.accupying large amounts of memory. 
Quantitative tradcaffs have been cstablished.between time.and space for multitape ‘Faring machines 
[7] and for straight-line programs [21, 26, 29]. 

Recently, Paul and Reischuk [18, 23] proved that the tradeoff of Hopcroft, Paul, and Valiant mi iS 

. not an artifact of the linearity ef the Turing machine tapes: every detcrministic muititape 
multidimensional ‘Turing machine of time complexity 72). can be simutated by a deterministic: - 
‘Turing machine of space complexity 7( 208", TL jing Tn) fer-some constant c. We derive a space 
bound for a restricted class of nrultidimensionat ‘Furing machines: forevery nondetcrministic d 
dimensional machine M with one worktape head that nuns jn time’ 7{n), therc is a deterministic 
Turing-machine: Af such that Af’ -aécepts the sam¢ language ds Af in space { Hn) Tog’ TUN + 1): 
provided that 7(7) is constructible in space (7(n) log Ty + ) 

Section 2.2 introduces definitions, including a genersifization of crossing sequences. ‘Section 2.3 
describes a deterministic simulation of a rnondetefministic ddintensional machine ‘Mwith just one 
morklape head, and Section 2.4 proves that thes simulation uses space (7) log Tny@a +1) when 
Af runs in time T(n). (All logarithms are taken to base 2 ) The simulation and proof gencralize 
Paterson's {15} for the. case d = 1. 


2.2. Definitions 


Fix a finite alphabet = anda positive integer d. A workiape over Ei is a a set tof cells, cach of which 
can contain a symbol in 2. A worktapc is d-dimensional if i its cells a are in bijective correspondence . 
with 24 the set of tuples of i integers. For every x in 7 there i is a Luniiue worklape cell Ox) at 
location x. Location (x), --. os 19 is adjacent to locations xy + 1, 5. Xu (x, x + | Dale Xps vn 
and (x). x9, wn Xgt 1). In 14 tect ¢g:= (0, 0... 0). A box Bisa subset ‘of Z4 comprising the 
d tuples 
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fay, By} X fap, by) . Mlag BF 
for some integers aj, by, .... ag 54 The boundary of B is the subset of locations (xy, ... x) sueltthat ~~ 
for some i cither x; = a; 0r x, =.b;. The volune of B, dcndtéd $44; is the-nember of locations that it 
comprises. A content function on a box B.isamap frem:B to 2; such function specifies the contents 
of cclls whose locations are in B. ih AS a ae 
A d-dimensional Turing machine (with alphabet.) has aid-dimensional worktape on. Which the 
worktape head can move onc cell along any of the d ofthogonal dimensions in cither positive or 
negative direction at cach step;. if the head reads cell’ C&xat step:s, then-at step §4 Rt reads accll at 
a location adjacent to x. In cach cell. the worktape head can write a symbol from !E.:the input to the * 
machine is presented on:a bua-way: read-only iaput tape. dnitially,-atstep 0; the worktapé is: 
compleiely blank, the. input. head is positioned on ating sails thd input wofd, and the 
worktape head reads cell (eg)... Lhe . vi pote t 
Let Mbea vondesericlied dslitucnedonsl: £ ‘uring machine twithone worktape-ficad)' ‘that'runs 
in time 7(7) on inputs of length n:: for every word oftength yethat.AL accepts there'is ag-aceepting 
computation ef at. most 7(#) steps. Assume that 7 reads ali of its inpae+:F( 7) >'n ~ and ‘that 7(7) is 
constructible in space {7 n) log ne (d+), ‘Phe. werktipe hoi: pomillitis:dn: cells’ whose locations 
Boln) := -7), Tn) x Mayr heey Tea). 
We may assume without loss of generality that to.acbapéan input word, Af Ralts With its worktape 
entirely blank, its. worktape bead pestioned.op C(eq); abd its mputhedd on the téRinest symbol of > 
the input word. (If necessary, M can be modified to\srase-its wasktape by depth-first search on the 
cells that. jt has visited; the modified machine runs in.time OA 9)}) ‘For trercthainder of this 
chapter we consider the computation(s) of Mon a fixed inpus wood of fenge i. oa 
A partial configuration = on a box B comsists of |: whpew all gf 74 3 


are in the box 


» acontent function «, on 8, 
astate, | 
a step number, 
a position on the ipput tape, and. 
a worktape cell location x, such that cither x5. € #Oex, = 4 Jumpecifieds. 
Let tg be the partial configuration on Ap{») that specifies the initial.configuration on M at step 0. For ' 
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sequence of partial configurations = 99, 7}, . # « = on Bsuch that wb 9544 for each.i. A 
set of crossing records that enter or exit B can specify the entry and exit transitions of a partial 
computation. Let R be a set of crossing records that cater or.exit B. The triple (w, p, R) is: compatible 
if there is a partial computation from w to p for which R specifies the entry and exit transitions. 
Define the predicate Comp (1, p, R) to be truc ifand only if (w,.p, 2) is:compatible. 
Call (a, p, R) consistent if cither (i) or (ii) holds: 
(i) R = Band citherxg = 1 = x, orbothx, € Bandx, € B; 
(ii) (a) R#@; 
(b) the records in R: strictly ordered by stép number, alternate between records 
that enter B and records that exit B: 
(c) ifx, € B, then the cartiest record in R exits B; if Xe = = 1, then the earliest 
record in R enters B; and :* | 
(d) if Xo € B; then the latest record in R enters Bs ifx p= ze then the latest 
record in R exits B. 
When (1, p, R) is compatible, (#, g, R) is necessarily consistent. 
Define a predicate for a box B, a positive integer t, and a set of crossing records R: 
Blank-Comp (B, 4, R) := Comp. (ig. a8, RB) 
Machine AM accepts the input word if and only if Bian Cose (Bola), 4, B) is true for some &. 


2.3. Simulation 


To determine whether M accepts its input word, deterministic Turing machine M’ checks: 
whether Blank-Comp (B9(), 1, B) is truc by repeatedly partitioning the box Bp(vi) and. the step .. . 
interval [1, g. Using a balanced divide-and-conquer methed, M introdapes either a set of crossing 
records or a partial configuration to ascertain recursively whether a partial. computation on a box 
exists. ‘The consistency condition ensures that partial computations en two boxes can be combined. 

Lemma 2.1, which is straightforward to prove, guarantees that for cach box, there is some 
partition into twa boxcs that induces a small number of crossing events. To simplify our arguments, 
we neglect to distinguish among z, LzJ, and £21 for real numbers z, onc.can justify this simplification 


routinely. 


4 


Lemma 2.1. Let B be a box with volume y = AL Let > s, be stéps during a computation of 
M and s = 9)~ sy. There is a pattition of B into two boxes B, and B) such that 
{i} the number of crossing events between By nd 8, dvring fs, +1 ‘splis at most 3s/vl/4 
tats . 
(ii) B, and By have volumes between w/3 and 20/3. 


We describe the simulating machine Af" informally. 11 is not difficult to verify that AM correctly 

simulates M. . : ao 

‘When a procedure is invoked, it is constrained to operate within an amount of space determined 
by the calling procedure. [f this amount of space is insufficicat, itben the invoked procedure reports a 
faihure to the calicr. Both procedures B/.ANK-COM P and COMP run stratcgics in ” parallel space” 
_with space bounds. For § = 1, 2, 3, .. they give each strategy S cclls to execute... Hf onc strategy 
completes successfulty (without failure of onc of its procedurc calls), then the valuc that it computes is 
the value returned. . 


MAIN PROGRAM FOR M’ 
For t = 1... Mln)cakeubite BEANK-COMP (Be{7), 1, 8) with space bound (7(n) log TUayy(4* 0), 
If BLANK-COMP(Bofn). &, D)comnplctes successfully and i is truc for some ¢, then accept the input 
word. Otherwise, reject the input word. =e 


Procedure BI.ANK-COMP(B, 1, R): 
Inputs: Box 2, positive integer 1, sct of crossing records R that enter or exit B. 
Oxtpat: The value of Btank-Comm (B, ¢ R) — 
Assumption: There is a space bound for this procedure call. 
Method: Let v = [BI Run the folowing two strategics in parallel space with space bounds. If this 
invocation of BLANK-COAMP rans out of space, then report’a failure, 

Strategy BI: Return the value of COMP(ig. a \B 

Strategy B2: \f (cg, a NB, R) is not consistent, then return false. Iterating through all partitions 
of B into two boxes By. By with volumes between »/3 and 20/3 and through all sets R’ of at most 
31/v!/4 crossing records for crossing events between By and By, scarch for 8}. By, and R’ for which 
both BLANK-COMP (B,, t,(R U R’)\B,) and BLANK-COMP (Bp, , (R U R’)\B>) are true. If 
suitable B), 2», and R’ are found, then return trwe; otherwise, return false. 
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Procedure COMP (7), 1, R): 

Inputs: Partial configurations a 1 and 27> on the same box B, sct of crossing records R that enter or 
exit B. 

Output: The value of Comp (1), 79, R). 

Assumption: There is a space bound on this procedure call. 

Method: \.ct v = |Bl and r = |RI; Ict s) be the step number of a, and sy be the step number of 74 
ands = 5] > 5. Verify that (77), 7), R) is consistent; if it ig not, then return false. If vy = 1, then 
return true if (a4, 7, R) is compatible on the one cell whose location is in B, false if not. If s = 1, 
then return true if a) F- 7 and, if this is an entry or exit transition, R specifies the transition; 
otherwise, return false. For larger v and s, run the following three strategies in parallel space with 
space bounds. If this invocation of COMP runs out of space, then report a failure. 

Strategy Cl: Reduce r. Determine a step s’ at which |R\[s} +1, s']]| = 7/2. Enumerating all 
partial configurations 7’ on B, search for 7’ with step number s’ such that both 
COMP (my, 0’, RNsy +1, s]) and COMP (a', 17, R\s' +1, Sy}) are true. Return érve if an 
appropriate a’ is found, false if not. 

Strategy C2: Reduce s. Set s' = (s] + 5))/2. Asin Strategy Cl, search for 7’ with step number 
s' such that both COMP (ay, m', R\[sy +1, s']) and COMP (n’, 15, R\(s' +1, 59)) are true. 

Strategy C3: Reduce v. Enumerating all partitions of B into two boxes B,, By with volumes 
between v/3 and 2v/3 and through all sets R’ of at most 3s/ yl/d crossing records for crossing events 
between By and Bp, scarch for By, By, and R’ for which both COMP (1 }\By, 77\By,(R U R')\By) 
and COMP (7\B>, 79\B>, (RU R')\\B) are true. If suitable B), B>, and R’ are found, then return 


true; otherwise, return false. 


2.4, Analysis of the Simulation 


We show that M’ uses space O((7(n) log 10) a (d+ )). The amount of space used by 
procedures COMP and BLANK-COMP is dominated by the storage required for the input 
parameters. 

Since every location of the d@-dimensional worktape can be specified by a list of dintegers written 
in binary, cach box Bin Bo(n) can be specified in space O(log 7(n)). A content function on a box of 


volume vy requires space proportional to. v to store. Thus, cach partial configuration can be stored in 
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space O{y + log 7(n)). Since each crossing record can be stored in space Othes Tm) a ‘Stor 
crossing records can be stored in space O(r log T{n)). 

Let Sv, r, 5) denote the space required by COAfP to run successfully on all inputs (ar). #, R) 
such that #, and w> are partial configurations on a box B witli step ‘nace and he which | 
v = [BI r = |RI, and s = 5) - 5. The definition of COMP implies | 

ScW, 1.9) < ye + (7+ I hog 7) 
+ min {Sclv, 1/2, 9, Scr. IY, SclW3, r+ 3s/v!/4, 9} 
for aconstant ky. Similarly, let Spf, r)'dctiote the maximum space tequired by B/.ANK-COMP on 
inputs (B, 1, R) for which y= [Bf andr = {RL The defmition of BLANK-COMPimplies 
Sv, 0 < hole + Vbog T+ min {Sclv, r, 1). SOv/3: 1 + 37/49} 
for a constant >. . ee 
Fix 8: = dd + land 


by 2 Aiba asi 

Choose constants ky, ks, kg, and ty soch that Ata? ae oar 
ky > 12k), wee 3 oy 

hy > kh; + 478, | 23) 

kg > 23/4 + 3, : oe» 

bg SOM 4, ty og 

ky 2 Ak + (hy + Res + he, os 


Lena 2.2. Se{v, 1.9) < igle + (r+1 + lg s)log T+ (slog 799) r 
Proof. By induction on (7, r, 8), in lexicographic order. If y = Lor s = 1, then COMP yscs.only 
the space occupied by the inputs, k,(v + (7 + 1) log 7) space. Otherwise, there are four cases. 
Case 1: v < (r + 1) log Tand r> 1. Thea 
Sc) Skye + (+ 1) log 7) + Scr, rf2, 8) 
< Qk + 1) + kyr!) bog T+ Ao + 0 pisomel t Ure) 
<kgrlog T+ kav + (1 + log s) log T + (slog 8)" 
because kg satisfies (2.2) and r > 1. 
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Case 2: v < log Tand r = 0. By (2.2) again, 
Sv, 0, 3) < ky(v + log 7) + Sev.0, 2) 
< 2ky log T+ ky(l + log (s/2)) log T+ kylv + (slog ns) 
S ky log T + kg(log s)log T+ kav + (slog 7)8), 
Case 3: v + (r+ I) log TX ky(s log TY. Use (2.3) to establish that 
Sc.) Sky + (7 + 1) log 1) + Sever, 2)" 
(ky ky + kq/23Ys 10g 9 + kglv + (r+ 1 + lg (s/2)) log 7) 
S kgls tog 7). + kav + (r+ 1 + log sy408 TY. 
Case 4: v > (r+ 1) log Tand v +.(r + log 7 >‘kytslog: nh “In this case 
tf sbg PF Oe segphs 


hence since 6 = d/(d + 3), - : bacon 
(slog. nea gon Ce ea Ce 
Sel 3) Sky (et ee Io. 2 + Selaelts r+ dunes 
S (2ky + 2kg/3v + kg((r + 1 + 35/v!/4 + tog 5) log T + (slog 79) 
S (2ky + 2kg/3 + 3k4(2/k)/B yy + kg(r + 1 + log 5) log T+ (ee FOF 
Skyy + kgl(r + 1 + logs)log 7 + (slop n) 
by (2. 1), @. D, and Q. 2). : | 


Lemma 23. Ore Eee eda James 
Spas Ce ase ae 
Proof. By induction on vy. There are two cases, 
Case 1: y vs (T log ne. According to the hypotheses, | - 
+ I log T< kg(T log HT tog iid = ks(T log nf. _ 7 28) 
Lemma 2.2, (2.8), and (2. 6) imply . 
Sp.) S bole + I) log T+ Sctn nD 
< kyy + kar + 1 + log 7) log T + (lgks + Igo i 
< (kg + (ky + kpks + kghT log 7) 4+ /kaltg FP | 
S ky(T log 1° ~ ke(Tlog Ty vi/4 +. kgllog 7. 
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Theorem 2.3. For all 7(n), every nondeterministic d-dimensional machine with one worktape 
head that runs in time 7(1) can be simulated by an alternating Turing machine in time 
O(max {n, (TU) log Tiny /(4+ Dy, 
Proof. (Sketch) In the simulation in Section 2.3 make the following routine modifications. 
(i) Guess 7() nondeterministically. 
(ii) Choose strategies existentially without imposing a bound on space. 
(iii) Replace iterations through partitions of B and through cnumcerations of R’ and a’ 
by existential choices. 
(iv) When a strategy makes two procedure calls, choose both universally. 


The time analysis of this modified simulation is identical to the space analysis of Section 2.4. ll 


wD 
Chapter 3. A Note on the Pebble Game 


A combinatorial “pebble” game on graphs has been used to establish tradeoffs between time and 
space required for arithmetic expression evaluation [21] and for Ti uring machine simulation {7} One 
places pebbles on the vertices of a directed acyclic graph G in steps according to the following rules: 
| (i) a Aaa aa ofa pebble of an empty vertex a OC ercone of a pebble 

from a vertex. 
(ii) A pebble may be placed on a vertex only if there are - on all immediate 
predecessors of the vertex. (Thus, a vertex with no PEkeen can n always be pebbled.) 
(iii) A pebble may always be removed fromavertes, = 
A pebbling strategy is a sequence of steps in the pebble game. The goal is to find a pebbling strategy 
that places a pebble on every vertex of G at Icast once when the supply of pebbles is limited. This 
pebble game has been studicd extensively; Lengauer and Tarjan [} }] provide an exhaustive list of 
references. 

This note develops an explicit strategy that uses O(n/log n} pebbles to pebbic cvery directed. 
acyclic graph G with 4 vertices and bounded indegree. Furthermore, for every 5 > O€n/log a), a 
variation of this strategy uscs S pebbles to pebble Gina se sex ‘Fhe proofs of these 
upper bounds, which employ an overlap argument [16] seem more natural than the original proofs 
F7, Fh, 2h 


Fix a directed acyclic graph G = (V, E) with vertices V and edges E. Let n = [Vand dbe the 
maximum indegsce of the vertices. For subsets W,, W> of V let XW, Wz) be the set of edges from 
Wi wo Wy 

EUW,, W5) = {0x yy: 0c 9) € Ex € W), and y € W}. 
Let WC V. A sequence (W;, —, W,,.,) of subsets of W is a layered partition of W if {W,,... Wi} isa 
partition of W and EXW,, W) = @ for all (and jsuch that i< j. Let w( W) denote the internal overlap 
of W: . 
o(W) = max{|AUW;, W>): (V;,, W>) is a layered partition of W}. 
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Lemma 3.L. If a V) = r, then Gcan be pebbled with:r + 1 pebbles in 2n steps. 

Proof. Our pebbling strategy comprises n Stages.: Put Wp = @. For j = 1, ..., n, assume 
inductively that Wi is the set of vertices that have been pebbled priot to Stage j, At Stage j place a 
pebble on a vertex xin V\ Wey provided that all its immediate predecessors hold pebbles, and put 
Wj = Wied U {x}; then remove pcbbics from all vertices y for which-al immediate successors of y 
are in W ij At the end of cach Stage, a pebble remains on a vertex z if and only if some immediate 
successor of z has not cen pebbled. 

The rules of the pebble game guarantec that-every (W VN Ww pis a layered partition of V. By 
hypothesis, every [EX W;, V\ wal <r. Therefore; at the-ond of.cach Staged there are at most r 
pebbles on the graph, and the strategy uses at most r + 'I pebbles. “Fhe strategy: has 2n steps because 


for every x, a pebbie is placed on x and removed from x just once. a 


Lemma 3.2. Let (Wj, ..., W,,) bea iayered partition of V. There is a strategy that pebbles G with 
at most ee ee: 
Z; (o(W)+ d+ 0) 
pebbles. 

Proof. By induction on m. For m =-1, Lemma 3.1 asgefts a forties that w()) pebbles suffice. 


Assume that the subgraph of Ginduced by V\ W,, = W, U...U W,,,) can be pebbled with ~ 
t ccU7E . hee y- 
as 8 Sa 

pebbles via strategy S,,,.). We describe lenicaeehs tt Demers vertices in’ W,, using atte 
wW,,) + d+ lmore pebbles. ne 

Let P,, be a set of w(W,,,) + 1 pebbies and @,, be d'set of d pebbies. The pebbles in P,,, are 
placed only on vertices in W,,,. The pebbies in Q,, are’plate ‘onily‘on vertices in V \ War 

 Asin'the proof of lemma 3.1, our strategy éoniprises HW] Stagés'and uses at most w( W, m) + 1 
pebbies on W,,. At each Stage'seleet a vertex xin *. ttiat Hay tidt Yer Been pebbled but all 
immediate predecessors of x int Win held’ pebbles: ’ a strategy s rl to place pebbles from Q,,, on 
the immediate predecessors of x in V\ W,,,. These Q,, pebbles remain on the immediate — 


predecessors of x until x is pebbled. (By hypothesis, no vertex in W,,, is an immediate predecessor of 
a vertex in V\ W,,,, thus, strategy S,,,.; may always be cmployed.) Place a pebble from P,,, on x. 
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Remove all Q,,,pebbles from the graph, returning them w Q,,, for tatcr use. Also, remove pebbles 
from all vertices yin W,,, for which all immediate successors of y in W,,; have been pebbled, and 
return these pebbles to Pl 


Lemma 3.3. For every r, there is a layered partition (W/,, .:., W,,)0f V such that m < 20 da/11 
and ,(W) <r. HET I 2° 

Proof. Assume, to the contrary, that for every layered partition {#), .... W,,,) of V, if 
m < 24/71 thon ¥64W)> 1 Let ig = Udu/ Vand Vg 9 = V. For i = 0, ... ig- 1 inductively 
suppose seis V; ; for j = 0, ... .2!- have been defined. Fer cach jfind a layered partition 
(Vig nay Via aye y of Vij oe eran ea Vis aye it ai a By assumption, for 
every i, 

B wlV,)>4 
and consequently, 
Licig Fj iD? ora a 
By definition of the sets V; ; . the scts of edges FLY, 74 Vp Vie Lape 1) Me pairwise eoint.'S Siace G - 
has at most dn edges, a 
Fag? YA = Fee ®y WM ay Vie Lay Sm 


| exiraaaseccinpee) ame aol apie aced ae lean 
bounded indegrec can be pebbled with Oa/log 2). pebbles. . 
Proof. Let G = (V, pied ace acces ga aoe ieee Let Sn) satisly 
| Sn) = Olwhogs, 
logy (Sa\/(2d + 2)). > Fade Haye 
According to Lemma 3.3, there is a layered pactition,(W), —,:W,,) of V-such that m < JF 2dni Sy 
and 2; o(W) < Sn)\/2._ For this partitiog |.cmma, 3.2 asserts that some strategy pebbics:G with 
EW) + d+ DS May + midst VS Se). 
pebbles. ; 
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Theorem 3.2. (Lengauer and Tarjan [11]) For every, d.and-Sand every-directed acyclic graph 
G with 1 vertices and indegree d, if (3d + 4)n/logyg n< S <n, then there is a strategy that uses S 
pebbles to pebble G in at most § OS aise 

Proof. Let G = (V, FE). Set a = 2d/(3d + ja pile (d + 2)/3d + 4)andy = 1-a- 8B. 
Evidently, logy logy 1 < (logy #)/2 because (3d + Anflogy n < < nimplies n> 16. It follows that 

logy S/d + 2)) > (logy nY/2.> (Sd + ws + WS > di/aS +1, a 
hence (d + 2)2F dn/aST < BS. 

Apply Lemma 3.3 with r = aS to obtain sen ( W). oh W,,) of V with 
m <2 da/aS4 such that E; w(W) < aS. For = 1,..., m, ei Pibea set of w(W) +1 pebbles. 
Distribute the remainitig B'S - m + yS bepiea amon: sets 5 Oh. ies Om’ such that each 
lOd > LyS[W/nd + d+ 1. 

We define the pebbling strategy inductively. Let Tb be the number of anne used by this 
strategy on the subgraph induced by W, U...U Wy. ‘For k= = ‘A, the je strategy i in the proof of Lemma 
3.1 uses w(W}) + 1 pebbles, and 71) = 2 UAL s ae 

Suppose that strategy S,,,. with Tin- Ws steps uses the pebbles in Py U.. .U P m-1 and 
Q;U..U' On-l to pebble the subgraph of Ginduced by V \ Wop To pebble vertices in Wop 
out the'strategy in the proof of Lemma 3.2 with the following modification. Whenever the immediate 
predecessors in V \’ W,, of a vertex in Ww, must be pebbled, | use strategy s ml! to place pebbles from 
Q,,, on the immediate predecessors in V\ W,,, of the Ug vertices in We that are re pebbled next. 
Strategy S,,,.) isinvoked at most f° Ww ‘nto; mds <r atityS1 times. Therefore, 

Ths <r, iLO pA Tm- 1) + 2 Wd | 
<add dnl yS) Tm - 1) +on ey 
SInfl + (1 + days) +. + + dys 
< Qn (d+ dn/-ySY"/( dnl yS) . 
< (2y/d)S8 CrP} By di/as + Woe logy (1 + avy) 
= §2 


oiay: 
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structures, 

A tree machine has a finite-state control and several heads on a worktape having the structure of a 
complete infinite binary tree. Section 4.2 presents an argument that suggests that to simulate a two- 
dimensional Turing machine by a tree machine on-line requires time Q(2 (log ny!/ 2) if the simulator 
uses space O(n). Proofs omitted from Section 4.2 appear in Section 4.3. 

Section 4.4 outlines further research problems on comparing automata with different storage 


structures. 


4.2. Static Embeddings Versus Dynamic Simulations. 


Let be a simple embedding of [,,, into a binary tree B, Call a pair of vertices (x, y)a separated 
pair (for $) if 0 AERA MCGEE Te ae Ne 
dy Hx). WO) > logy m- (logy logy m/- 3, 
A path (v9, .... ¥,) includes a consecutive pair of vertices (x, ) ifx = vj ‘and y = vj + 1 for some i 
DeMillo, Fisenstat, and Lipton {lf proved that separated pairs ‘for ¥ exist Proposition 4. 1, which is 


proved in Section 4.3, asserts that some ee in Cn includes many consecutive ve separated pairs. 


Proposition 4.1. For every binary tree B, every even m 3 32, and every aeais embedding ¥ of 
ye into B, there is a path in T’,,, of length at most 7m that. includes at least. 
m/32{logy-m)'/2 


distinct consecutive separated pairs. 


We employ Proposition 4.1 to argue informally that every tree machine net simulates a two- 
dimensionat Turing machine on-line in space O(n) for i inputs ‘of length n may require time 
Q(7 (log ny! / 2) j in the worst case. This argument has not been ‘@eveloped. into a rigorous proof yet, 
however. aaa, a . : 
Consider a two-dimensional Turing machine M with one worktape head whose input alphabet 
consists of the eight pairs <b, 8> where b € {0, 1} and 8 is one of the four directions that the worktape 
head can move at cach step. Machine M opcrates in real time — it processes one‘inpat symbol at 
- every step. Suppose M is in a configuration in which the cell C scanned by the worktape head 
contains 5’; on input <d, 8>, M writes 6 on C, writes 5’ on the output tape, and moves the worktape 


head in direction 8. 
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Let M’ be a tree machine that simulates M on-line in space O(7). Assume that for every worktape 
cell C of M1, machine M" assigns one of its trec tape celts. to hold the contents of C. Th 
deternines:a simple embedding of every T,,,, into its binary iree Structure. ere 
.. Construct an input word wof length vas follows. “Tic fitst n/2'symbols of w induce M to fill a 
square of side m = (n/2)!72 on its worktape with 0's ind Vs the fast a7? Symbols drive the head of 
M on 2/18: paths of length 9m that each includes at least’ ni/3 log sh)*/? distinct consecutive 
separated pairs of cells; cach of these paths begins with a path of length 27 that drives the worktape 
head of M to the first cell of the path of length 771 whose cxistence is guaranteed by Proposition 4.1. 
Because M’ has a finite-state control, it can remerfither thie Gontéiits of only id Gait dsmber oo 
separated pairs internally. Consequently. i it is s plausible that for-cach new Y Separaied pair (x, x) that M 
encounters, M’ spends time O(log mi) moving a worktape nad from the representative of x $9 ihe .. 
representative of y. Hence on input w, ol may requis tape. . 
. (ns 18mXn/ 320g, m2 hict m)] = Yn (log ml? ae Kn (log, ay, 

A tree machine Mm” that uscs superlincar space might simulaic. M,Gster.. Reischuk {23} devised an 
on-line simulation that operates in time On os i) for a consiant c, but ses space O(n 08° i 
Bach cell that M uses has  o(co8* ny representatives in the workiape of M”. 

:- Lipton, Fisenstat, and DeMiflo [13] introdaced a fornintition of data ‘structure embedding that 
permits multiple representatives of vertices of the gucst gtdph. ‘Let G = (Vi Band H ay E*)be 
graphs. An embedding of G into H is a map o: ¥* +> ‘VU'TA}, where A € Y, such that le Gl > >1 
for every x in V. If p(x*) = x, then x* is a representative of x. The'dpate cost of i is 
max tle lok x€ VY}. The strong time cost T{e) ofg i is. the. smallest T such that 
for every <a in V* such that g(x") # Aand every y in Pe sesh Gat dhe"). 29< 00, 
there exists ying Gy Yand dig, y*) S Td fg"), 
The weak lime cost TA) of @ is the smallest T such that 
____ forevery x and yin V such that d¢{x, y),< °°, there exist x* in ge xjand y* ing! 

- such that dfx. 9°) < Thx, 9). ace ate 7 

In general, T £9) 2 > Tf). Ifp has space cost 1. then T£e) = T, 7% 
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Proposition 4.2. (Lipton, Fiscnstat, and DeMillo [2].) If @ is an embedding of ,,, into a binary 
tree with space cost S, then . 
T£p) + logy logy S > logy m-c' logs logy m 


for a positive constant c’ independent of m. 


Reischuk’s embedding of T,,, into a binary trec [23] has space cost clog* m hence unbounded 
strong time cost by Proposition 4.2, but bounded weak ‘ine oa His simulation runs quickly 
because the weak time cost of the embedding i is constant. Therefore, Reischuk’ s simulation suggests 
that the strong time cost measure may be inappropriate for establishing a ower bound on the time 
required by a tree machine to simulate a multidimensional Ti uring machine on-line when the 


simulator is not confined to O(n) space. 


4.3. Proof of Proposition 4.1 


The graph G = (V, F) is connected if for every x, . in V there is a path from x to ¥ Let UC V. 
The boundary of U, denoted 0 U, is the set of vertices in U that have a neighbor i in VN U. Write GU) 
for the subgraph of G induced U. A connected component of Gis a subgraph re W) induced by a set 
of vertices W such that G(W) is connected and dg{x, 2) = a) for all x in Wand zin V \ w. The size 
of a component is the number of vertices that it has. 

If P) is a path from x to y and P, isa path from y to z, then the concatenation of Py and P5, 
written P} « P>, is the path from x to z obtained from La by replacing t the cries vertex y by Py. The 


concatenation operator « is associative. 


Lemma 4.1. For every set U of u vertices in Typ there isa path of length at most 2m (ul/ 2 + }) 
in T,» that includes all the vertices in U. | | 

Proof. (Steiglitz and Papadimitriou [28].) Set s = r mpul? 24, i= r m/s1- 1, and for 
h=0,..., h*, 

Up = {id (DE Uand hs +1 <j Skt Ds 

{Up, --» Ups} is a partition of U. Construct the path P as follows. First visit the vertices in Up in 
lexicographic order, then the vertices in U) in reverse lexicographic order, then the vertices in Up in 
lexicographic order, then U3 in reverse lexicographic order, and so on. (In the usual Iexicographic 


ordering of pairs of integers, (i, /) precedes (7, /’) ifeither i< / or i = / and j<j.) Index U according 
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to the order visited by P: U = {(i), js (bs A). Ch, jp}. Set Aig = big gy - -ighand Aj, = = . 
Vy Jae WE Cig ig) and (ig 1, 54 1) are in the same U;, then Ajy < 5-1; if (ip. iy) € U;, but 
fing piggy) E Ung 1. then Ajy <2s-1 = (9-1) + x Therefore, 
Ey Alp <(u- IMs- 1) + dts < ies D tom. 
One verifies routinely that 
= Ai, < (At + Ibn <(1+ m/s)n = =m + Ws 
Ergo, P has length 
Ey (Aig + Aj) 2m + u(s-1) + wevs 

<2mt uP! 24-1) 4 vem 

<2mt mul2 + my? | 

< aml + 8 


Lemma 4.2. Let o be a sequence of s symbols over {a, 8} and let b bé the number of B symbols’ 
in o. For every r < b/2 there is a consecutive subsequence of o of FsrXb- symbols that contains 
at least rsymbols B. “Ss 

Proof. Set ¢ = sr/(b- 1): note that 1> sib - ‘implies tb/(s + 1)> r. Form a sequence o’ 
of 1.s/1 symbols by appending ¢1s/11- symbols a to the end of o. Partition o' into fs/1 
consecutive subsequences of 1 symbols each. One of these consecutive subsequences 6” susét have at 
least WT 3/11 > b/(s/t + 1) = ths + 2) > rsymbobs £. Ife” is not the final subsequence of @’, 
then it is a subsequence of ¢; otherwise, if o” is the final subsequence of a’, hee ee Fee rns Ot 
@ form a consecutive subsequence of @ with at least r symbols p.  ] 


Lemma 43. Let m> 32 and Ube a nonempty set of vertices in Ip, such that [UV] < n1”/2 and 
P,(U) is connected. For every r < (UV8)!, there is a path P of length at most 9r- 1 that includes 
at least r distinct vertices of @U. 

Proof. Call (i, j)in®,,, a boundary vertex if (i,j) € BU: call other vertices of &,, subir 
vertices. We shall find a path with at most 9r vertices that contains at least r distinct boundary 
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* = max {i: (49 € U for some jj, 
i, = min {i (©) € U for some jj, 
J = max {j: (4) € U for some ij, 
Jj, = min {7 (,)-€ U for some i}. - 

Case I: Either i, > 0 or *< mand cither j, > 0 or j* < m. Without loss of gencrality, assume 
m-i,>j*-j,. Becasue ; as 
I< (#-i, + D4, + D, 
it follows that 7 | 

| #-i,+1> [UP 
We construct a path Q such that for every r<quesy!/ 2 S(? - i, + 1972, there is a consecutive 
subsequence of Q with at most 4r vertices that contains at least r distinct boundary vertices. 

Assume j* < mr; the case j |, Oissimilar. Since lr nb Y) is. connected, for every i such that 
i, $1 @ there is some j for which (i;) € U. Feri = i,, i, + 3... #, set 

KD = max {i ENE UE. 
By assumption, every Ai) < j* < m; thus, every 4.4) is acboundasy vertex. 

Fori= ii tl. *-1, construct a path O68 from (¢, Ad) 0G + 1, AG + eis follows. If 
Ai) > Ki + 1), then let Qi) be the path : . ee 

(4, AD); (AD -D, --5 AEA A) + Di Ai + D) G+ 1, HE + DY); 
all vertices on this path except possibly'(i, Ai + 1)).are boundary vertices. If Ai) < AG+ 1), then let’ 
Q()) be the path : 
(4, AD), Gi + 1, AD). Ci + 1, AD + 1), ... E+ 1, Ai + 1-1), (+ 1, Ai + VY); 
all vertices on this.path except possibly (i +. 1, 44) are-boundary vertices, : 

Set Q = Qi.) + Ai, + 1+... » OF - 1). Pattt Qvemtains the: - i, + 1 boundary vertices 
(i, A), which each occur exactly once in Q. Let 5 be the number of other bousidary vertices:in QO; - 
each of these occurs at most twice. There are at most #~- é, eccurrences ofinonboundary vertices -- 
one in cach Q(/). Path Q has at most 2(7* - i.) + 2b'-+ 1 vertices, inchading:repetitions; it has at least 
*-i, + 1+ & distinct boundary vertices, Apply Lemma:4.2 with s x 2(7* - i.) + 26 + Land b= 
*-i, + 1+ 8 to obtain a path with F(2G* - i) + 26.4 D> i 1 + BTS 
F(4F - i.) + 26° + DMF - i, + I42 + Ci Saeed een ne eee ene 
vertices. ss , 
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Case 2: i, = Oand * = m Forj= I, .... m, set ; 
a UNA D, - on, DE: 
U; is the #h column of U. There is at least one column U, such that |U,4 < Fmi/27, otherwise, all m 
ee of U would have at Ieast F /27 +1 vertices, and [0 > a rma + 1)> n2/2, contrary to 
hypothesis. . 
Let [U,| = u, and ket ij, ... (,, be the ‘in increasing order for which (i, k)€ U,. Define 
Ki) = kfort= 1, 
We define A, for other jas follows. Sct i ig = O and i. ut] = Since [,,{U) is connected, for every 
0<'< weither : 
(a) for every isuch that i, < i< i, , 1 there exists j¢ k such that (i) € UY; or 
(b) for every.isuch that 3,< i<i,, 1 there exists §>'k such that (i, j)€ U. 
If condition (a) holds, then call fi, i, }}.an interval of peta), and for i, << i, ¢ 1, set 
RD = man {7 jC drand (EP € UY. 
If condition (b) holds, then call [/,, i, 4 4] am interval of type (Band for i,< i< ‘ 4] Set 
| Adie min {7 j> kan (EEO 
By definition, unless i =: i, for some 1, every (4 A) € OU - ‘Thus, at feast m- u > Lm/2J vertices of 
the form (7, Ai)) are boundary vertices. nF rage Ne 

- For i= 1,...an- 1, we define apiath Q() from (i:X9) w (i+ 1, AE+AD) such that at most one 
interior vertex of O{,) isa nonboundary vertex. Suppose [i,,i-+H lies in an interval {i,, i,j] of type’ 
(a); the definition of Qti) for an interval of type (b) is similar. If Xi) > Ai + 1), then let Qi) be the 

(AD). AD- DG AED + DG AEF DEAL REF DY 
all interiors vertices on een een + me meerons vertices. WHOS Ai + I), 
then ict O(9 be the path - 
Mi, AD) + 1, AP, E+ 1, AD $Y, 2, 6+ LAE 12) 1, + ERE + DY; 
all interior vertices on this path except possibly (i -+ 1, Xj) are boundary vertices. 

Set. 2 = OU) + Q(2)+ .. « lm - ¥). This path contains at least Lov/24 boundaty vertices (i, Mi) ; 
for Xi) # k. Let have 6’ other boundary vertices; cach of thésc edcurs at most'twice in Q. Path. Q 
has m vertices (i, Ai) that cach oceur once; it has nt~ 1 occurrences of nanbowndary interior vertices 
among the Q{i). Therefore, Q has at most m + 2b' + m- 1 = 2m + 25'- 1 vertices, including - 
repetitions; it has at least Lm/2.1 + 6’ distinct boundary vertices. By hypothesis, r < (JU/8)!/2 < 
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m/4 < Lm/24/2 + 1/2. Apply Lemma 4.2 to Q with s = 2m + 28'- land b = Lm/24 + 6'to find 
a path with 
F(2m + 26 - 1)r/(Lm/24 + b'- 1 <1 (Qm + 2b + 1)/(Lin/2.5/2 + 8-1/2) 17 
<F (2m + 28 -1)/0n/4-1 + BY 
<9 (because m > 32) 
vertices that contains at Ieast r distinct boundary erties 
Case 3: j, = Oand j* = m. Similar to Case 2: a 


Lemma 4.4, Let U* be the vertices of a subtree ofa binary tree. For every subset }V* of r vertices 
in U*, at least r/2 vertices of ws are at distance at Ieast log r from vertices not in U*. 

Proof. Let D = log r-1. The maximum number of vertices of 1* that can be at distance at 
most D from a vertex not in U* is 2? -1 = 1/2- ae ne least r- Ua. D2 ee vertices of w* must be 


at distance at least D+ 1 from vertices not in. uw. 1 


Proof of Proposition 4.1. Let U* be the vertices of a subtree of B such that 2/4 < Ww"(U| < 
m?/2; such a subtrce exists because mis even. Set U'= ¥°4U%): Let the subgraph F,,(U) induced 
by Uhave c connected. components, and fet My; a » U, be the sisesiof these components in 
decreasing order. 
Set M = m? and kg= log M - es log It 2. (All logarithms are taken to base en For k = 0, 1, 
«, kg set _ a? : = 
i = ce oe = ee m) 
By definition, t,,) = = 1. | om : cS ae 
We claim that for some & there are at least 2k connected components of f MU) of size at least f,. 
Suppose, to the contrary, that for every k there are at most 2 - 1 componerits of T,,,(U) of size at least 
t,. Then uy < 4g. Since there is at most 1 component of size at feast 7 atid uy'> Uy > itz, we infer 
that uy < f and u3< 4. In general, for all kand all0 <j< 2*-1, 
u 9 kaj <p 
Consequently, 
ky 


JU = E; uj Zep = (kg + IMM/4 log M) < M/4. 
k=0 


But |U| > M/4. Contradiction. 
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Let Uj, U_g be the sets of vertices of the 2* largest components of I” ,,{U)-such that |U4 > t 
for cach i For each i [UJ < [U1 < 7/2. Apply Lemma 4.3 with r = (1,/8)!/? to obtain a. path P; 
of length at most 1,/8)!/2 - 1 that contains a set: W; of at least (4)78)!/2 vertices of AU, Put 

Ws Wy U.U Wy 
By definition, }#} > hua’? = 2k 2p hlog. mi! ”?, and every vertex in HW has a neighbor in 
@,\u. . _ cs 

By Lemma 4.4, since #{ ¥) C ¥{U) = U*, at least:half of the verticcs in ${W) are at distance at 
least 
| bog [9H] > log mm - (log log m)/2 - 3 | 
from alf vertices in (¢,, NU). Let W be a set of [M172 verties xin HW such that (x, y) isa separated 
pair for every y in @\ U. 

Let y; be the first vertex in P. and z; be the last. Let P; beapath frum 2; toy, whose length is at 
most the length of P. Let Q, = P; + P’: path Chose kale wea a -2. 
Invoke L.cmuma 41 to-obtain a path Panemdcda i + 2m that visits every y; Construct 
a path R’ from R by substiusting Q; for am occurence of y; in 2 for eativi Path R’ has longi at mott 

Id 2*/2 +. 1) + Paes, sey!/2 - 2) < dedt!2 4: 2™/2agaretiog miy)/2- 2 

<Am2*/2 4 2k/2 gay 16-2 (because m 216) 
< 6n2*/2 -2 : 

and includes the vertices in HW’. Apply SENN iwi> 

22a 16(log m)!/2 and r= mé32hlog xe)” to-obtain a Sabacquence S of R’ of length at most Gm 

with a subset. W’” of m/32(log m)!/2 vertices in HW”. Construct path S’ from S by replacisig am 

occurrence in S of each vertex x in W™ by the sequence (x.y, x): for some neighbor y of such that 

y € @,, \ Uz by definition of W™,cach (x, y) isa separated pair. Path S’ hatlongth at most 

Gan + YH] < Tm and includes at least 7] = m/32Glog, m!/?- distinct separated pairs: ¥ 
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4.4. Open Problems 


A comparison of multidimensional Turing machines and machines with other storage structures 
describes quantitatively how the structures of the machines affect their efficiency: Whcen studying 
these machines, we may attempt to generalize theorems about conventional one- -dimensional . 
machines. But we should not be interested in generalization fori its own sake. Rather, we should 

_ determine what properties of conventional. T uring machings are not, artifacts of the lincarity of the 
machine’s tapes to demonstrate that phenomena such as the time-space tradcoff [7] occur 
ubiquitously in computations. 

The following problems remajn open. 

1. Can a d-dimensional Turing machine simulate an e-dimensional Turing machine of time 
complexity 7(n) in time O(n)! + 174-16) on-line? Orcan the lower bound A(7{n)! + 1/d- Ie) 
be increased? — 

2. Can Reischuk's simulation of a multidimensional machine by'a tree machine [23] be 
improved? Ifthe space used by.the on-line simulator is ‘restricted 'to O(n) When ee @ dimensional 
machine runs for n steps, must the simulator use Q(n (log n)i- V 4) time? 

3. Can a d-dimensional machine simulate a tree machine of time complex ity.7(n) in time 
anny + 4/og Tn) on-line? 7 

4. Do similar time bounds hold for simulations among nondeterministic machines?. Cana - 
nondeterministic Turing machine of time complexity 7(n) be simulated .by a nondcterministic 


machine in space T(n)/log Tint we nie Pee os 


fi] 


[2] 


B] 


{4} 


5] 
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